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NOETHER’S PROBLEM FOR ABELIAN EXTENSIONS OF CYCLIC
p-GROUPS II
IVO M. MICHAILOV
Abstract. Let K be a field and G be a finite group. Let G act on the rational
function field K(x(g) : g ∈ G) by K automorphisms defined by g · x(h) = x(gh) for
any g, h ∈ G. Denote by K(G) the fixed field K(x(g) : g ∈ G)G. Noether’s problem
then asks whether K(G) is rational (i.e., purely transcendental) over K. Let p be any
prime and let G be a p-group of exponent pe. Assume also that (i) char K = p > 0, or
(ii) char K 6= p and K contains a primitive pe-th root of unity. In this paper we prove
that if G is any p-group of nilpotency class 2, which has the ABC (Abelian-By-Cyclic)
property, then K(G) is rational over K. We also prove the rationality of K(G) over
K for two 3-generator p-groups G of arbitrary nilpotency class.
1. Introduction
Let K be any field. A field extension L of K is called rational over K (or K-rational,
for short) if L ≃ K(x1, . . . , xn) over K for some integer n, with x1, . . . , xn algebraically
independent over K. Now let G be a finite group. Let G act on the rational function
field K(x(g) : g ∈ G) by K automorphisms defined by g ·x(h) = x(gh) for any g, h ∈ G.
Denote by K(G) the fixed field K(x(g) : g ∈ G)G. Noether’s problem then asks whether
K(G) is rational over K. This is related to the inverse Galois problem, to the existence
of generic G-Galois extensions over K, and to the existence of versal G-torsors over
K-rational field extensions [Sw, Sa1, GMS, 33.1, p.86]. Noether’s problem for abelian
groups was studied extensively by Swan, Voskresenskii, Endo, Miyata and Lenstra,
etc. The reader is referred to Swan’s paper for a survey of this problem [Sw]. Fischer’s
Theorem is a starting point of investigating Noether’s problem for finite abelian groups
in general.
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Theorem 1.1. (Fischer [Sw, Theorem 6.1]) Let G be a finite abelian group of exponent
e. Assume that (i) either char K = 0 or char K > 0 with char K ∤ e, and (ii) K
contains a primitive e-th root of unity. Then K(G) is rational over K.
The next stage is the investigation of Noether’s problem for finite meta-abelian
groups, and in particular metacyclic p-groups. Recall that any metacyclic p-group G is
generated by two elements σ and τ with relations σp
a
= 1, τ p
b
= σp
c
and τ−1στ = σε+δp
r
where ε = 1 if p is odd, ε = ±1 if p = 2, δ = 0, 1 and a, b, c, r ≥ 0 are subject to some
restrictions. For the the description of these restrictions see e.g. [Ka1, p. 564]. The
following Theorem of Kang generalizes Fischer’s Theorem for the metacyclic p-groups.
Theorem 1.2. (Kang[Ka1, Theorem 1.5]) Let G be a metacyclic p-group with exponent
pe, and let K be any field such that (i) char K = p, or (ii) char K 6= p and K contains
a primitive pe-th root of unity. Then K(G) is rational over K.
Other results of Noether’s problem for p-groups the reader can find in [CK, HuK,
Ka2].
Definition. We say that a group G has the ABC (Abelian-By-Cyclic) property if G
has a normal abelian subgroup H such that the quotient group G/H is cyclic
Noether’s problem for p-groups with the ABC property is still not solved entirely.
However, there are number of partial results that have been obtained recently. We list
some of them.
Theorem 1.3. (Haeuslein [Ha]) Let K be a field and G be a finite group. Assume that
(i) G contains an abelian normal subgroup H so that G/H is cyclic of prime order p,
(ii) Z[ζp] is a unique factorization domain, and (iii) ζpe ∈ K where e is the exponent
of G. If G→ GL(V ) is any finite-dimensional linear representation of G over K, then
K(V )G is rational over K.
Theorem 1.4. (Hajja [Haj]) Let K be a field and G be a finite group. Assume that (i)
G contains an abelian normal subgroup H so that G/H is cyclic of order n, (ii) Z[ζn]
is a unique factorization domain, and (iii) K is algebraically closed with charK = 0. If
G→ GL(V ) is any finite-dimensional linear representation of G over K, then K(V )G
is rational over K.
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Theorem 1.5. ([Ka3, Theorem 1.4]) Let K be a field and G be a finite group. Assume
that (i) G contains an abelian normal subgroup H so that G/H is cyclic of order n,
(ii) Z[ζn] is a unique factorization domain, and (iii) ζe ∈ K where e is the exponent of
G. If G → GL(V ) is any finite-dimensional linear representation of G over K, then
K(V )G is rational over K.
Note that those integers n for which Z[ζn] is a unique factorization domain are
determined by Masley and Montgomery.
Theorem 1.6. (Masley and Montgomery [MM]) Z[ζn] is a unique factorization domain
if and only if 1 ≤ n ≤ 22, or n = 24, 25, 26, 27, 28, 30, 32, 33, 34, 35, 36, 38, 40, 42, 45, 48,
50, 54, 60, 66, 70, 84, 90.
Therefore, Theorem 1.3 holds only for primes p such that 1 ≤ p ≤ 19. In a recent
paper [Mi] we managed to show that the this condition can be waived, under some
additional assumptions regarding the structure of the abelian subgroup H .
Theorem 1.7. (Michailov[Mi, Theorem 1.8]) Let p be an odd prime, let G be a group of
order pn for n ≥ 2 with an abelian subgroup H of order pn−1, and let G be of exponent
pe. Choose any α ∈ G such that α generates G/H, i.e., α /∈ H,αp ∈ H. Denote
H(p) = {h ∈ H : hp = 1, h /∈ Hp}, and assume that [H(p), α] ⊂ H(p). Denote by
G(i) = [G,G(i−1)] the lower central series for i ≥ 1 and G(0) = G. Let the p-th lower
central subgroup G(p) be trivial. Assume that (i) char K = p > 0, or (ii) char K 6= p
and K contains a primitive pe-th root of unity. Then K(G) is rational over K.
Theorem 1.8. (Michailov[Mi, Theorem 1.9]) Let p be an odd prime and let G be a
group of order pn for n ≤ 6 which has the ABC property. Let G be of exponent pe.
Assume that (i) char K = p > 0, or (ii) char K 6= p and K contains a primitive pe-th
root of unity. Then K(G) is rational over K.
The main purpose of this paper is to prove a generalization of the latter results for
all p-groups of nilpotency class 2, which have the ABC property. However, we should
not ”over-generalize” Theorem 1.8 to the case of any meta-abelian group because of
the following Theorem of Saltman.
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Theorem 1.9. (Saltman [Sa2]) For any prime number p and for any field K with char
K 6= p (in particular, K may be an algebraically closed field), there is a meta-abelian
p-group G of order p9 such that K(G) is not rational over K.
The main result of this paper is the following.
Theorem 1.10. For any prime p let G be a p-group of nilpotency class 2, which has
the ABC property. Denote by pe the exponent of G. Assume that (i) char K = p > 0,
or (ii) char K 6= p and K contains a primitive pe-th root of unity. Then K(G) is
rational over K.
When G has a nilpotency class bigger than 2 it is much harder to determine Noether’s
problem. In some cases, however, it is possible to apply similar linearization techniques.
We will do this for two specific p-groups with three generators. Note that our method
can be applied for other p-groups with three generators.
Let Cpa be a cyclic group of order p
a generated by the element α, and let H be an
abelian group generated by two elements β and γ having orders pb and pc, respectively
(a, b, c ≥ 1). We are going to consider two groups G1 and G2 which are in the middle
of the exact sequence 1 → H → Gi → Cpa → 1. In particular, for the two groups we
have the relations αp
a
∈ 〈β, γ〉, βp
b
= γp
c
= 1, [β, γ] = 1.
Define
G1 = 〈α, β, γ | [β, α] = 1, [γ, α] = β
xγp
s
, x ∈ Z, s ∈ N〉,
G2 = 〈α, β, γ | [β, α] = β
pr , [γ, α] = βx, x ∈ Z, r ∈ N〉,
The second result of this paper is the following.
Theorem 1.11. For any prime p let G be isomorphic either to the group G1 or to G2.
Denote by pe the exponent of G. Assume that (i) char K = p > 0, or (ii) char K 6= p
and K contains a primitive pe-th root of unity. Then K(G) is rational over K.
The key idea to prove Theorems 1.10 and 1.11 is to find a faithful G-subspace W of
the regular representation space
⊕
g∈GK ·x(g) and to show thatW
G is rational over K.
The subspace W is obtained as an induced representation from H . By applying various
linearizing techniques we then reduce the rationality problem to another rationality
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problem which is related either to cyclic or to metacyclic actions. The latter actions
can be linearized by using Lemma 2.4 or Theorem 2.5.
We organize this paper as follows. We recall some preliminaries in Section 2. The
proofs of Theorems 1.10 and 1.11 are given respectively in Sections 3 and 4.
2. Preliminaries
We list several results which will be used in the sequel.
Theorem 2.1. ([HK, Theorem 1]) Let G be a finite group acting on L(x1, . . . , xm),
the rational function field of m variables over a field L such that
(i): for any σ ∈ G, σ(L) ⊂ L;
(ii): the restriction of the action of G to L is faithful;
(iii): for any σ ∈ G,σ(x1)...
σ(xm)
 = A(σ)
x1...
xm
+B(σ)
where A(σ) ∈ GLm(L) and B(σ) is m × 1 matrix over L. Then there exist
z1, . . . , zm ∈ L(x1, . . . , xm) so that L(x1, . . . , xm)
G = LG(z1, . . . , zm) and σ(zi) =
zi for any σ ∈ G, any 1 ≤ i ≤ m.
Theorem 2.2. ([AHK, Theorem 3.1]) Let G be a finite group acting on L(x), the ratio-
nal function field of one variable over a field L. Assume that, for any σ ∈ G, σ(L) ⊂ L
and σ(x) = aσx + bσ for any aσ, bσ ∈ L with aσ 6= 0. Then L(x)
G = LG(z) for some
z ∈ L[x].
Theorem 2.3. ([CK, Theorem 1.7]) If charK = p > 0 and G˜ is a finite p-group, then
K(G) is rational over K.
The following Lemma can be extracted from some proofs in [Ka2, HuK].
Lemma 2.4. Let 〈τ〉 be a cyclic group of order n > 1, acting on K(v1, . . . , vn−1), the
rational function field of n− 1 variables over a field K such that
τ : v1 7→ v2 7→ · · · 7→ vn−1 7→ (v1 · · · vn−1)
−1 7→ v1.
If K contains a primitive n-th root of unity ξ, then K(v1, . . . , vn−1) = K(s1, . . . , sn−1)
where τ : si 7→ ξ
isi for 1 ≤ i ≤ n− 1.
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Proof. Define w0 = 1 + v1 + v1v2 + · · · + v1v2 · · · vn−1, w1 = (1/w0) − 1/n, wi+1 =
(v1v2 · · · vi/w0) − 1/n for 1 ≤ i ≤ n − 1. Thus K(v1, . . . , vn−1) = K(w1, . . . , wn) with
w1 + w2 + · · ·+ wn = 0 and
τ : w1 7→ w2 7→ · · · 7→ wn−1 7→ wn 7→ w1.
Define si =
∑
1≤j≤n ξ
−ijwj for 1 ≤ i ≤ n − 1. Then K(w1, . . . , wn) = K(s1, . . . , sn−1)
and τ : si 7→ ξ
isi for 1 ≤ i ≤ n− 1. 
Now, let G be any metacyclic p-group generated by two elements σ and τ with
relations σp
a
= 1, τ p
b
= σp
c
and τ−1στ = σε+δp
r
where ε = 1 if p is odd, ε = ±1 if
p = 2, δ = 0, 1 and a, b, c, r ≥ 0 are subject to some restrictions. For the the description
of these restrictions see e.g. [Ka1, p. 564].
Theorem 2.5. (Kang [Ka1, Theorem 4.1]) Let p be a prime number, m,n and r are
positive integers, k = 1 + pr if (p, r) 6= (2, 1) (resp. k = −1 + 2r with r ≥ 2). Let
G be a split metacyclic p-group of order pm+n and exponent pe defined by G = 〈σ, τ :
σp
m
= τ p
n
= 1, τ−1στ = σk〉. Let K be any field such that charK 6= p and K contains
a primitive pe-th root of unity, and let ζ be a primitive pm-th root of unity. Then
K(x0, x1, . . . , xpn−1)
G is rational over K, where G acts on x0, . . . , xpn−1 by
σ : xi 7→ ζ
kixi,
τ : x0 7→ x1 7→ · · · 7→ xpn−1 7→ x0.
3. Proof of Theorem 1.10
Let G be generated by an abelian normal subgroup H and an element α such that
αp
a
∈ H . Assume that H = 〈α1, . . . , αs | α
pai
i = 1, 1 ≤ i ≤ s〉. We divide the proof
into several steps. We are going now to find a faithful representation of G.
Step 1. Let V be a K-vector space whose dual space V ∗ is defined as V ∗ =
⊕
g∈GK ·
x(g) where G acts on V ∗ by h ·x(g) = x(hg) for any h, g ∈ G. Thus K(V )G = K(x(g) :
g ∈ G)G = K(G).
Define X1, X2, . . . , Xs ∈ V
∗ by
Xj =
∑
ℓ1,...,ℓs
x
(∏
i 6=j
αℓii
)
, for 1 ≤ j ≤ s.
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Note that αi ·Xj = Xj for j 6= i. Let ζpai ∈ K be a primitive p
ai-th root of unity for
1 ≤ i ≤ s. Define Y1, Y2, . . . , Ys ∈ V
∗ by
Yi =
pai−1∑
m=0
ζ−mpai α
m
i ·Xi
for 1 ≤ i ≤ s.
It follows that
αi : Yi 7→ ζpaiYi, Yj 7→ Yj, for j 6= i.
Thus
⊕
1≤j≤sK ·Yj is a faithful representation space of the subgroup H = 〈α1, . . . , αs〉.
The induced subspase W depends on the relations in G. It is well known that the case
αp
a
∈ H can easily be reduced to the case αp
a
= 1 (see e.g. [Mi, Proof of Theorem 1.8,
Step 2]).
Define xji = α
i ·Yj for 1 ≤ j ≤ s, 0 ≤ i ≤ p
a− 1. Recall that G is of nilpotency class
2, so [H,α] ≤ Z(G), i.e., [αj, α] = γj ∈ Z(G) for 1 ≤ j ≤ s. It is not hard to see that
α−iαjα
i = αjγ
i
j, for 1 ≤ j ≤ s, 1 ≤ i ≤ p
a − 1.
We can now write the decomposition of γj in H :
(3.1) γj =
s∏
i=1
α
αijp
rij
i for 1 ≤ j ≤ s, rij ≥ 0, αij ∈ Z, gcd(αij, p) = 1.
It follows that
αj : xji 7→ ζpaj ζ
iαjjp
rjj
p
aj xji, xmi 7→ ζ
iαmjp
rmj
pam xmi, for m 6= j,
α : xj0 7→ xj1 7→ · · · 7→ xjpa−1 7→ xj0,
where 0 ≤ i ≤ pa − 1 and 1 ≤ j ≤ s.
Step 2. In this step we will find somewhat simpler actions of H , which resemble the
diagonal actions. First of all, for abuse of notation we can assume that αij = 1 for all
i, j. (We can easily adjust the substitutions that follow in such a way that this method
works for arbitrary αij ’s, but the notations will become cumbersome. Moreover, for
the next steps we need not to know the exact choices of primitive roots of unity.)
Next, without loss of generality we can assume that a1 − r11 = max{am − rmj |
1 ≤ m, j ≤ s}. Then we can replace the generators of H with the new generators
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α1, α
−pr12−r11
1 α2, . . . , α
−pr1s−r11
1 αs. The actions of the new generators are of the following
type
α−p
r1j−r11
1 αj : x1i 7→ ζpb1jx1i, xmi 7→ ζ
i
p
bmj
xmi, for m 6= j,
for some btj ≥ 0, where 1 ≤ t ≤ s, 2 ≤ j ≤ s and 0 ≤ i ≤ p
a − 1. Now, for 2 ≤ m ≤ s
define ymi = xmix
a1−r11−am+prm1
1i . Then we have
α1 : x1i 7→ ζpa1ζ
ipr11
pa1 x1i, ymi 7→ ζpcm1ymi, for m 6= 1,
α−p
r1j−r11
1 αj : x1i 7→ ζpc1jx1i, ymi 7→ ζpdmj ζ
i
p
cmj ymi, for m 6= 1,
for some ctj ≥ 0 (1 ≤ t, j ≤ s) and dtj ≥ 0 (2 ≤ t, j ≤ s), where 0 ≤ i ≤ p
a − 1.
We can apply the same process with each generator α−p
r1j−r11
1 αj for 2 ≤ j ≤ s. For
example, we may assume that c22 = max{cmj | 2 ≤ m, j ≤ s}. Then we can proceed
in the same way for the generator α−p
r12−r11
1 α2. Repeating this process with each
generator we will finally obtain generators β1, . . . , βs of H which act on the function
field K(yji : 1 ≤ j ≤ s, 1 ≤ i ≤ p
a− 1) = K(xji : 1 ≤ j ≤ s, 1 ≤ i ≤ p
a− 1) in this way
βj : yji 7→ ζpbj ζ
i
p
bjj
yji, ymi 7→ ζpbmj ymi, for m 6= j,
for some bj ≥ 0, btj ≥ 0, where 1 ≤ t, j ≤ s and 0 ≤ i ≤ p
a − 1. Clearly, the action of
α is not changed:
α : yj0 7→ yj1 7→ · · · 7→ yjpa−1 7→ yj0,
where 0 ≤ i ≤ pa − 1 and 1 ≤ j ≤ s.
Observe that from 1 = [αj , α
pa] = γp
a
j it follows that am − rmj ≤ a for all m, j (see
(3.1)). Since each primitive root ζ
p
bmj is obtained via multiplication of roots of the
type ζpam−rmj , we deduce that btj ≤ a.
Clearly, W =
⊕
j,iK · yij ⊂ V
∗ is the induced G-subspace obtained from V . Thus,
by Theorem 2.1 it suffices to show that WG is rational over K.
Step 3. Assume that bjj ≥ 1, where 1 ≤ j ≤ t for some t : 1 ≤ t ≤ s. Denote
A = b11 and ξ = ζpa−A, a primitive p
a−A-th root of unity. For 0 ≤ ℓ ≤ pa−A − 1 and
0 ≤ k ≤ pA − 1 define
uℓk = y1k + ξ
ℓy1,k+pA + (ξ
ℓ)2y1,k+2pA + · · ·+ (ξ
ℓ)p
a−A−1y1,k+(pa−A−1)pA.
It is not hard to see that this is a well defined non-singular transformation, so
K(uℓk : 0 ≤ ℓ ≤ p
a−A − 1, 0 ≤ k ≤ pA − 1) = K(y1i : 0 ≤ i ≤ p
a − 1). Then the actions
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of the generators of G on K(uℓk) are
β1 : uℓk 7→ ζpb1ζ
k
pAuℓk,
βm : uℓk 7→ ζpb1muℓk, for m 6= 1,
α : uℓ0 7→ uℓ1 7→ · · · 7→ uℓpA−1 7→ ξ
−ℓuℓ0,
where 0 ≤ ℓ ≤ pa−A − 1 and 0 ≤ k ≤ pA − 1.
For 1 ≤ i ≤ pA − 1 define v0i = u0i/u0i−1. For 1 ≤ ℓ ≤ p
a−A − 1 and 0 ≤ k ≤ pA − 1
define vℓk = uℓk/u0k. Thus K(uℓk : 0 ≤ ℓ ≤ p
a−A − 1, 0 ≤ k ≤ pA − 1) = K(u00, vℓk :
(k, ℓ) 6= (0, 0)), and for every g ∈ G
(3.2) g · u00 ∈ K(vℓk : (k, ℓ) 6= (0, 0)) · u00,
while the subfield K(vℓk : (k, ℓ) 6= (0, 0)) is invariant by the action of G, i.e.,
β1 : v0i 7→ ζpAv0i, vℓk 7→ vℓk, for 1 ≤ i ≤ p
A − 1, 0 ≤ k ≤ pA − 1, ℓ 6= 0
βm : vℓk 7→ vℓk, for m 6= 1, 0 ≤ ℓ ≤ p
a−A − 1, 0 ≤ k ≤ pA − 1, (k, ℓ) 6= (0, 0),
α : v01 7→ v02 7→ · · · 7→ v0pA−1 7→ (v01 · · · v0pA−1)
−1,
vℓ0 7→ vℓ1 7→ · · · 7→ vℓpA−1 7→ ξ
−ℓvℓ0, for 1 ≤ ℓ ≤ p
a−A − 1.
Step 4. We can apply the same type of transformations as in Step 3 for each K(yji :
0 ≤ i ≤ pa − 1), where 2 ≤ j ≤ t. For t + 1 ≤ j ≤ s define wji = yji/yji−1, where
1 ≤ i ≤ pa − 1. Denote by X the set of all new variables (together with the variables
of the type (3.2)) and by Xj the subset of all variables that are not invariant under βj
and are not of the type (3.2). Observe that β1 leaves invariant all new variables except
v0i’s and except the type (3.2), i.e. X1 = {v0i : 1 ≤ i ≤ p
A − 1}.
Define w1 = v
pA
01 and wi = v0i/v0i−1 for 2 ≤ i ≤ p
A − 1. Then K(yji : 0 ≤ i ≤
pa − 1, 1 ≤ j ≤ s)〈β1〉 = K(X )〈β1〉 = K(wi,X \ X1, 1 ≤ i ≤ p
A − 1). Note that for the
variables of of the type (3.2) we apply Theorem 2.2. The action of α on X1 is
α : w1 7→ w1w
pA
2 ,
w2 7→ w3 7→ · · · 7→ wpA−1 7→ (w1w
pA−1
2 w
pA−2
3 · · ·w
2
pA−1)
−1 7→
7→ w1w
pA−2
2 w
pA−3
3 · · ·w
2
pA−2wpA−1 7→ w2.
Define z1 = w2, zi = α
i · w2 for 2 ≤ i ≤ p
A − 1. Now the action of α is
α : z1 7→ z2 7→ · · · 7→ zpA−1 7→ (z1z2 · · · zpA−1)
−1.
10 IVO M. MICHAILOV
Since w1 = (zpA−1z
pA−1
1 z
pA−2
2 · · · z
2
pA−2)
−1, we get that K(w1, . . . , wpA−1) = K(z1, . . . ,
zpA−1). From Lemma 2.4 it follows that the action of α on K(z1, . . . , zpA−1) can be
linearized. Clearly, the action of α on K(vℓi : 1 ≤ ℓ ≤ p
a−A − 1, 0 ≤ i ≤ pA − 1) is also
linear.
Similarly, we can linearize the action of α on K(X )〈βj〉 for each j : 2 ≤ j ≤ t. For
j : t+ 1 ≤ j ≤ s the action of α on K(wji) is
α : wj1 7→ wj2 7→ · · · 7→ wjpa−1 7→ (wj1wj2 · · ·wjpa−1)
−1,
which again can be linearized according to Lemma 2.4. Therefore, we obtain a linear
action of α on K(X )H . We are done.
4. Proof of Theorem 1.11
Let V be a K-vector space whose dual space V ∗ is defined as V ∗ =
⊕
g∈GK · x(g)
where G acts on V ∗ by h · x(g) = x(hg) for any h, g ∈ G. Thus K(V )G = K(x(g) :
g ∈ G)G = K(G). The key idea is to find a faithful G-subspace W of V ∗ and to show
that WG is rational over K. The subspace W is obtained as an induced representation
from H .
Define X1, X2 ∈ V
∗ by
X1 =
pb−1∑
i=0
x(βi), X2 =
pc−1∑
i=0
x(γi).
Note that β ·X1 = X1 and γ ·X2 = X2.
Let ζpb ∈ K be a primitive p
b-th root of unity, and let ζpc ∈ K be a primitive p
c-th
root of unity. Define Y1, Y2 ∈ V
∗ by
Y1 =
pc−1∑
i=0
ζ−1pc γ
i ·X1, Y2 =
pb−1∑
i=0
ζ−1
pb
βi ·X2.
It follows that
β : Y1 7→ Y1, Y2 7→ ζpbY2,
γ : Y1 7→ ζpcY1, Y2 7→ Y2.
Thus K · Y1 + K · Y2 is a representation space of the subgroup H . The induced
subspase W depends on the relations in G. It is well known that the case αp
a
= βfγh
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can easily be reduced to the case αp
a
= 1 (see e.g. [Mi, Proof of Theorem 1.8, Step 2]).
Henceforth we will consider separately G1 and G2.
Case I. G ≃ G1.
Define xi = α
i · Y1, yi = α
i · Y2 for 0 ≤ i ≤ p
a − 1. Calculations show that γαi =
αiγk(i)βxl(i) for k(i) = 1 +
(
i
1
)
ps +
(
i
2
)
p2s + · · · +
(
i
i
)
pis = ki, where k = 1 + ps, and
l(i) =
(
i
1
)
+
(
i
2
)
ps + · · ·+
(
i
i
)
p(i−1)s. We have now
β : xi 7→ xi, yi 7→ ζpbyi,
γ : xi 7→ ζ
ki
pcxi, yi 7→ ζ
xl(i)
pb
yi,
α : x0 7→ x1 7→ · · · 7→ xpa−1 7→ x0,
y0 7→ y1 7→ · · · 7→ ypa−1 7→ y0.
for 0 ≤ i ≤ pa − 1.
For 1 ≤ i ≤ pa − 1, define ui = xi/xi−1 and vi = yi/yi−1. Thus K(xi, yi : 0 ≤ i ≤
pa − 1) = K(x0, y0, ui, vi : 1 ≤ i ≤ p
a − 1) and for every g ∈ G
g · x0 ∈ K(ui, vi : 1 ≤ i ≤ p
a − 1) · x0, g · y0 ∈ K(ui, vi : 1 ≤ i ≤ p
a − 1) · y0,
while the subfield K(ui, vi : 1 ≤ i ≤ p
a − 1) is invariant by the action of G. Thus
K(xi, yi : 0 ≤ i ≤ p
a − 1)G = K(ui, vi : 1 ≤ i ≤ p
a − 1)G(u, v) for some u, v such that
α(v) = β(v) = γ(v) = v and α(u) = β(u) = γ(u) = u. Notice that l(i)−l(i−1) = ki−1.
We have now
β : ui 7→ ui, vi 7→ vi,
γ : ui 7→ ζ
pski−1
pc ui, vi 7→ ζ
xki−1
pb vi,(4.1)
α : u1 7→ u2 7→ · · · 7→ upa−1 7→ (u1u2 · · ·upa−1)
−1,
v1 7→ v2 7→ · · · 7→ vpa−1 7→ (v1v2 · · · vpa−1)
−1,
for 1 ≤ i ≤ pa − 1. From Theorem 2.2 it follows that if K(ui, vi : 1 ≤ i ≤ p
a − 1)G is
rational over K, so is K(xi, yi : 0 ≤ i ≤ p
a − 1)G over K.
We can always write x in the form x = ypt for y ∈ Z : gcd(y, p) = 1 and t ≥ 0.
Assume that b − t ≤ c − s. For 1 ≤ i ≤ pa − 1, define wi = vi/u
ypc−s−b+t
i . Then
K(ui, vi : 1 ≤ i ≤ p
a−1) = K(ui, wi : 1 ≤ i ≤ p
a−1) and γ(wi) = wi for 1 ≤ i ≤ p
a−1.
(The other case b − t > c − s is identical, since we can define wi = ui/v
zpb−t−c+s
i for
some z such that zy ≡ 1 (mod pc−s).)
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Now, consider the metacyclic p-group G˜ = 〈σ, τ : σp
c
= τ p
a
= 1, τ−1στ = σk, k =
1 + ps〉.
Define X =
∑
0≤j≤pc−1 ζ
−j
pc x(σ
j), Vi = τ
iX for 0 ≤ i ≤ pa − 1. It follows that
σ : Vi 7→ ζ
ki
pcVi,
τ : V0 7→ V1 7→ · · · 7→ Vpa−1 7→ V0.
Note that K(V0, V1, . . . , Vpa−1)
G˜ is rational by Theorem 2.5.
Define Ui = Vi/Vi−1 for 1 ≤ i ≤ p
a − 1. Then K(V0, V1, . . . , Vpa−1)
G˜ = K(U1, U2, . . . ,
Upa−1)
G˜(U) where
σ : Ui 7→ ζ
ki−ki−1
pc Ui, U 7→ U
τ : U1 7→ U2 7→ · · · 7→ Upa−1 7→ (U1U2 · · ·Upa−1)
−1, U 7→ U.
Notice that ζk
i−ki−1
pc = ζ
pski−1
pc . Compare Formula 4.1 (i.e., the actions of γ and α
on K(ui : 1 ≤ i ≤ p
a − 1)) with the actions of G˜ on K(Ui : 1 ≤ i ≤ p
a − 1). They
are the same. Hence, according to Theorem 2.5, we get that K(u1, . . . , upa−1)
G(u) ∼=
K(U1, . . . , Upa−1)
G˜(U) = K(V0, V1, . . . , Vpa−1)
G˜ is rational over K. Since by Lemma 2.4
we can linearize the action of α on K(wi : 1 ≤ i ≤ p
a − 1), we obtain finally that
K(ui, wi : 1 ≤ i ≤ p
a − 1)〈γ,α〉 is rational over K.
Case II. G ≃ G2.
Define xi = α
i · Y1, yi = α
i · Y2 for 0 ≤ i ≤ p
a − 1. Calculations show that γαi =
αiγβxl(i) for l(i) =
(
i
1
)
+
(
i
2
)
pr+ · · ·+
(
i
i
)
p(i−1)r, and βαi = αiβk(i) for k(i) = 1+
(
i
1
)
pr+(
i
2
)
p2r + · · ·+
(
i
i
)
pir = ki, where k = 1 + pr. We have now
β : xi 7→ xi, yi 7→ ζ
ki
pbyi,
γ : xi 7→ ζpcxi, yi 7→ ζ
xl(i)
pb
yi,
α : x0 7→ x1 7→ · · · 7→ xpa−1 7→ x0,
y0 7→ y1 7→ · · · 7→ ypa−1 7→ y0.
for 0 ≤ i ≤ pa − 1.
For 1 ≤ i ≤ pa − 1, define ui = xi/xi−1 and vi = yi/yi−1. Thus K(xi, yi : 0 ≤ i ≤
pa − 1) = K(x0, y0, ui, vi : 1 ≤ i ≤ p
a − 1) and for every g ∈ G
g · x0 ∈ K(ui, vi : 1 ≤ i ≤ p
a − 1) · x0, g · y0 ∈ K(ui, vi : 1 ≤ i ≤ p
a − 1) · y0,
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while the subfield K(ui, vi : 1 ≤ i ≤ p
a − 1) is invariant by the action of G. Thus
K(xi, yi : 0 ≤ i ≤ p
a − 1)G = K(ui, vi : 1 ≤ i ≤ p
a − 1)G(u, v) for some u, v such that
α(v) = β(v) = γ(v) = v and α(u) = β(u) = γ(u) = u. Notice that l(i)−l(i−1) = ki−1.
We have now
β : ui 7→ ui, vi 7→ ζ
prki−1
pb
vi,
γ : ui 7→ ui, vi 7→ ζ
xki−1
pb vi,
α : u1 7→ u2 7→ · · · 7→ upa−1 7→ (u1u2 · · ·upa−1)
−1,
v1 7→ v2 7→ · · · 7→ vpa−1 7→ (v1v2 · · · vpa−1)
−1,
for 1 ≤ i ≤ pa − 1. From Theorem 2.2 it follows that if K(ui, vi : 1 ≤ i ≤ p
a − 1)G is
rational over K, so is K(xi, yi : 0 ≤ i ≤ p
a − 1)G over K.
We can always write x in the form x = ypt for y ∈ Z : gcd(y, p) = 1 and t ≥ 0.
Assume that r ≤ t. Since γ acts in the same way as βyp
t−r
on K(ui, vi : 1 ≤ i ≤ p
a−1),
we find that K(ui, vi : 1 ≤ i ≤ p
a − 1)G = K(ui, vi : 1 ≤ i ≤ p
2 − 1)〈β,α〉. (The other
case r > t is identical, since β acts in the same way as γzp
r−t
or some z such that
zy ≡ 1 (mod pb−r).) The proof henceforth is the same as Case I.
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